
Identification of shallow-donor impurity states in GaAs/GaAlAs multi-quantum wells in

moderate magnetic fields

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1991 J. Phys.: Condens. Matter 3 8605

(http://iopscience.iop.org/0953-8984/3/44/007)

Download details:

IP Address: 171.66.16.159

The article was downloaded on 12/05/2010 at 10:41

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/3/44
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. Phys.: Condens. Matter 3 (1991) 8605-8618. Printed in the UK 
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Abstract. Far infrared photownductivity experiments have recently been reported on sili- 
con-doped GaAsiGaAIAs multi-quantum well structures in magnetic fields of up to 8T.  
Theresultingspectracontain peakswhichcan beidentified withtransitionsfrom theground 
state to several higher excited states of a wnfined Si impurity. In this paper. details of a 
theoretical model aregiven which allow these transition energies to be predicted. The model 
is firstly used to determine transitions to states which are truly bound in the weak field limit. 
A set of hydrogen-like basis states is constructed in which the exponentials are expanded in 
terms of Gaussian-type functions in order to introduce some of the Landau-like behaviour 
required for large fields. Approximate eigenstates are then determined using a numerical 
diagonalizationprocedure. The possibilityoftransitions tostateswithm = 2is investigated, 
and mixing between basis states of different parity is allowed for in the case of impurities 
which are not located at the centre ofa quantum well. These results are then used to determine 
the energies of so-called metastable states, which do not have a low-held counterpart. 
Transitions to these states are identified in the observed experimental data. 

1. Introduction 

There has been much discussion in the literature concerning hydrogen-like shallow- 
donorimpuritiesinsemiconductors, both in the bulkandin multi-quantum wells (MQWS). 
Far infrared (FIR) photoconductivity experiments have recently been performed on 
GaAs/GaAIAs MQWS (Grimes et a1 1990), which allow transitions from the bound ls- 
like ground state of such impurities to variousexcited states to be observed in an applied 
magneticfield. Thereislittledoubt about the identificationof transitions to the2p+,-and 
2p-Jike excited states in these experiments. However, the remainder of the transitions 
have not been conclusively identified at present. The aim of this paper is to develop 
a theoretical model in which transitions are predicted which fit all of the available 
experimental data. 

The underlying cause of the problems in developing a model for hydrogenic 
impurities is that for the magnetic fields of up to about 10 T used experimentally, the 
behaviour of the impurities is intermediate between that obtained using a low-field 
hydrogenic picture and that of a high-field Landau-type formalism. There is also some 
doubt as to whether a 3D picture should be used, in which so-called metastable states 
occur (e.g. Klarenbosch et a/ 1990), or whether a quasi-ZD picture is more appropriate 
(Cheng and McCombe 1990; Cheng et al1990). 
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In this paper, a theoretical model will be developed using the 3D picture. States are 
used which are principally hydrogen-like, but which incorporate some of the required 
Landau-like behaviour appropriate to higher fields. An analysis of the number of nodes 
of the predicted eigenstates in the z-direction will be used as an additional aid to 
identification of the states. In addition, various metastable states will be identified by 
combining theoretical results with a careful analysis of the available experimental data. 
A discussion of the relationships between the 3D and quasi-2D models will also be given. 

The model used for the hydrogenic states is based on that of Greene and Lane (1986) 
and earlier works by the same group, and is an extension of our previous work (Dunn er 
a1 1990). The model of Greene and Lane (1986) has been extended to include the effects 
of higher excited states and of states with angular momentum m = +2. It has also been 
modified to allow for a non-isotropic effective mass, and to include the effects of odd- 
parity states which are important for impurities which are not located at the centre of a 
quantum well. 

2. The theoretical model 

2.1 .  Low-field model for hydrogenic states 

When investigating these systems, it  is usual to work in dimensionless units appropriate 
to the systems concerned. For GaAs/GaAlAs MQWS, the unit of length is chosen to be 
the GaAs effective Bohr radius a, = 98.7 A and the unit of energy is the GaAs effective 
Rydberg R = 5.83 meV. The angular momentum I ,  is in units of h,  and a quantity y is 
chosen as a dimensionless measure of magnetic field, which is related to the field E in 
Tesla by the relation y = 0.15 E .  Cylindrical coordinates are used with the origin at the 
centre of a quantum well and with the z-axis defined to be the MQW growth axis. The 
magnetic field is applied along the z-direction. 

In this paper, an anisotropic effective mass is allowed for by defining a parallel 
effective mass m,, for motion in the x-y plane and a perpendicular effective mass m, for 
motion in the r-direction. It is then convenient to define relative effective masses 
m: = m,/m* etc., wherem* = 0.067 m,istheusualGaAseffectivemass.Theeffective 
masses in the GaAlAs barriers may be different to those in the GaAs wells. 

Usinga3D picture, the Hamiltonian for ashallow-donor impurity can then be written 
in the approximate form 

x = - (1/ m,)V + (l/mC)(y!, + + y 2 p 2 )  - 2/r + v,(r) (2.1) 

(I/mr)vZ = (I/m?)[(l/p)(a/W)(p J/Jp) + (1/p’)(a2/ap2)1 + (l/m:)J2/Jz2. (2.2) 
V8(z) is an energy operator for the square well potential, defined to have the value zero 
in the wells and a constant value Vo in the barriers. For Ga,-,AI,As MQWS, Vo is taken 
to be 60% of the total band gap difference AEp between GaAs and GaAIAs, estimated 
from the empirical expression (Lee er a1 1980) AEg = (1.155~ + 0.37~’) eV (wherex is 
the fractional AI concentration). The position of the impurity electron is r =  
[p’ + ( z  - zJ2] ’R,  where z ,  specifies the z-coordinate of the impurity nucleus. 

Many attempts have been made to solve the Hamiltonian (2.1) for MOWS and the 
analogous Hamiltonian for the bulk. Although exact analytical solutions cannot be 
found, a number of different methods have been used to obtain approximate solutions 

where 
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based on both the low-field limit, where a hydrogenic basis set is approximate, and the 
high-field limit where a Landau-type description should be employed. A good review of 
the different approaches for the bulk is given in Zawadzki (1991). Unfortunately, the 
situation of interest here is intermediate between the two field limits. 

Greene and Bajaj (1985) and Greene and Lane (1986) were able to predict the 1s to 
2p,, energy splittings to a reasonable degree of accuracy using a variational approach 
in which hydrogenic states were expanded in terms of Gaussian-type basis sets. This has 
the advantage that, although the states are constructed using a weak-field formalism, 
the Gaussian behaviour of Landau states is partially incorporated in the wavefunctions, 
making them more appropriate for larger fields. This basic approach will be developed 
here, although without resort to a variational procedure. 

To a first approximation, the eigenstates li, of a hydrogenic impurity in a quantum 
well can be expected to be a product of bulk hydrogen states qnlm and statesf(r) which 
are solutions of the standard square well problem, i.e. 

The parameters k,  K, A and 5 are fixed by ensuring that li, and (l/m:)ali,/az are 
continuous across the well boundaries. 

Theangular momentumoperator /,commutes with theHamiltonian(2.1), sommust 
be a good quantum number in this system for all field strengths. For impurities located 
atthecentreofaquantumwell, thez-typeparityn, (=(-1)'+") isalsoagoodquantum 
number (N.B.: the total parity is (-1)'). However, n and I will not be good quantum 
numbers. Hence, approximate eigenstates of the on-centre MQW problems can be found 
by taking linear combinations of hydrogenic states with different n- and I-values, but 
with the same value of m and of n,. However, for off-centre impurities, the panty n, is 
not conserved so it is necessary to allow mixing between the odd and even parity sets of 
states with a given value of m. This is different to the bulk case, where the z-parity must 
always be conserved. 

According to simple electric dipole selection rules, transitions from the 1s-like 
ground state are only allowed to states with m = 5 1 for the Faraday configuration used 
experimentally. For on-centre impurities, transitions will also only be allowed to states 
withevenn,. However, thereisevidence that in the bulk, transitionsareweaklyobserved 
to both states with m = 0 and m = 5 2 ,  as well as to states with odd z-panty, due to 
variousweak perturbation effects (e.g. electric fieldeffects (Stillman erall971)). Hence, 
the possibility of transitions to all such states will be investigated here. 

In the approach of Greene and Lane (1986). the Slater-type exponential factors 
e-'/. in the standard hydrogen states for the bulk were expanded in tenns of basis 
sets of Gaussians (Huzinaga, 1965): 

e-'/. = c, (2.4) 
i 

where the Ci and ai are parameters whose values are determined numerically. A further 
field-dependent parameter 6 was included as an additive factor to the aiin the Gaussians 
in p to allow for the expected reductions in orbit sizes in the x-y plane as the magnetic 
field strength increases. Their final choice, which they determined variationally, was 
6 = 0.  l y .  The final results presented here are obtained following this choice. However, 
the results are not very sensitive to the precise value used for this parameter. 



8608 J L D u m  and E Pearl 

A basis set of Gaussian-type functions for the MQW problem is constructed by 
choosing a set of numbers A, for each ( m ,  nJ set from the sets of a; in the Gaussian 
expansionsfor eachof thestatesin that set. The precise valueschosen are not important; 
it is the range of values which most strongly influences the final results. 

The hydrogen states in a quantum well are thus assumed to be a linear combination 
of states q;given by 

(2.5) 
where q; is a parity-dependent factor for the state i. defined to be 0 for states with even 
z-parity and 1 for states with odd z-parity. The parameters CY, and b, are taken from the 
setSA,, with the restriction that ,iftheA,are listed in orderofmagnitude, CY, = A, j Bi = 
Ak or AkLI ,  i.e. that the arguments of the Gaussians in p and ( z  - 2,) are 'similar' in 
magnitude. The same set of AI: has been used form = 0 and m = ?c 1, following Greene 
and L.ane (1986) rather than G:eene and Bajaj (1985). who used adifferent set for each 
m, although the differences in the final results are quite small. The number of terms k is 
chosen to be large enough for the resultant wavefunctions to be good, but small enough 
for calculations with the states to be manageable. A value fork of 5 or 6 for each (m,  n,) 
set was taken as a reasonable compromise, which gives a total number of basis states i 
for each set of (3k - 2) = 13 or 16. 

The final values are A, used here for all sets of states are the same as those used by 
Greene and Lane (1986) for the m = 0 and m = -Cl even parity states, namely 13.4, 
2.01,0.454,0.123,0.0324 and 0.00717. Many other sets of A, covering a similar range 
of values have also been investigated, and found to give very similar results, at least 
for the lower-tying states. (This included finding precise parameters for the Gaussian 
expansions by writing a fitting routine to equate the energies of Gaussian and Slater- 
type states for states such as3d, which were not considered by Huzinaga (1965).) Stales 
with (m = 2. n, = -1) were not considered in the calculations. 

Approximate eigenvalues hnd eigenstates of the Hamiltonian X can now be found 
by calculating the overlaps U,, and matrix elements Hji between each pair of basis states 
i and j ,  and numerically solving the generalised eigenvalue problem Xyr = EUW. where 
U and H are matrices with elemcnts Ufj and H,j respectively. In the original papers of 
Greene and co-workers. the precise eigenstates obtained were optimized by carrying 
out a variational procedure. Here, their optimal parameters are used as a starting point 
for the calculations, so that it is not necessary to repeat a strict variational procedure. It 
is sufficient to change the parameters slightly 'by hand', and observe the effect on the 
final results. This saves much computing time. The fact that a simple diagonalization 
procedure is used also greatly simplifies the determination of higher excited states, as 
all of  the states determined will automatically be orthogonal to each other. (The states 
are obviously not orthogonal to the true ground states, so the accuracy of any excited 
states will diminish for higher energy states.) 

There is no pdependence of the U, or H,, (between states with the same value of 
m),  so that expressions for both can be immediately reduced to double integrals over p 
and;. Furthermore. the integralsfor all contributionsexcept that of the Coulomb term 
2/r are separable in p and I, and can be performed analytically. The p-integrals give 
simple numerical factors, whilst the z-integrals involve probability integrals @. 
However, convergence problems occur when evaluating the z-integrals as probability 
integrals due to the appearance of very large exponential factors multiplying them. It 
was therefore found that much more reliable results could be obtained by evaluating the 
r-integrals numerically from their original definitions, after using symmetry arguments 

y i  =f(z)(z-z,)'J,p'"' eimQ exp[- C Y , ( Z  - z,)*] exp[-(p, + S ) p z ]  
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to reduce them to integrals over positive values of z and to halve the integral range for 
each well and barrier. A total of 29 wells were included in the integrations, although 
sufficient accuracy can be obtained by considering far fewer wells. The Coulomb con- 
tribution was evaluated as a double integral. 

2.2. High-field notation 

On a 3~ model, the states of a hydrogenic impurity can be labelled in the alternative 
high-field notation ( N ,  m, U), where Nis the principal Landau quantum number, m the 
usual magnetic quantum number and v gives the number of nodes of the wavefunction 
in the z-direction. The z-parity of these states is thus carried entirely by the quantum 
number v,i.e,n, = (-l)”(thetotalparityisn = (-l)”+”).Inthisnotationandaccord- 
ing to the electric dipole selection rules, transitions are allowed to the states ( N ,  +1, v 
even) for the Faraday configuration. Again, transitions will be weakly allowed to states 
with m = 0 and 2 2 ,  and to states with odd v for off-centre impurities. 

Inthisnotation, thestates(N,m, v)existforallintegersN 2 Owithm S N .  However, 
only the states with N = 0 and with N = m for N 3 1 are truly bound, and extrapolate 
back to the hydrogen-like states in weak fields. It is these states which are predicted by 
our model in section 2.1. The remaining states are called metastable states, and will be 
considered in more detail later. 

The diagonalization procedure of the model in section 2.1 will produce (3k - 2)  
states for each (m.  nz) set. However, not all of these states will have a physical meaning. 
According to the high-field picture, only one truly bound hydrogenic state is allowed 
with a given value of m and given number of nodes U. Thus it is necessary to examine 
the number of nodes of each of the eigenstates predicted and select only the lowest- 
energy state with a given value of v for each m.  All other states can be discarded. 

3. Results and comparison with experiment 

3.1. Hydrogenic picture 

FIR photoconductivity measurements on GaAs/Ga,-,AI,As MQWS have recently been 
made with fixed laser energies in fields of up to 8 T (Grimes et a! 1990). The samples 
studied had an AI concentration of x = 0.33, and the wells and barriers were approxi- 
mately 1508, wide. The central 50 8, of each well were doped with silicon to a con- 
centration of approximately 1 x 10l6 cm-’. Full details of the sample construction and 
measurement details are given in Grimes eta1 (1990). 

In addition, Changetal(l988) givesome resultsofnRphotoconductivityexperiments 
on 1388, wide wells (with x = 0.3) for variable transition energies, and Jarosik et a1 
(1985) produce results for 210 8, wide wells. Cheng and McCombe (1990) and Chenget 
a1 (1990) also give results of FIR magneto-optical measurements on GaAs/GaAIAs MQW 
samples with x = 0.3 for both 125 8, and 170 8, well widths. (Both of these papers 
reproduce the same diagram, but the well width for the second sample is stated to be 
150 8, in Chenget a1 (1990). To be consistent with the other data, it appears most likely 
that the well width is indeed 170 A as in Chengand McCombe (1990).) The above data 
have all been combined to determine, although somewhat approximately, those results 
which would have occurred with a 150 8, sample. 

It should be noted that the 2p-, transition is much weaker than the 2p+, transition. 
This is because the magnitude of the matrix element governing the transition is smaller 
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50"""' ' 1 
5 6 7 8  

e h ,  
0 1 2 3  

Figure 1. Hydrogenic stat-: The points A are from Grimes et a1 (1990) and the points 0 
from Chengetal(l990). The fulllinesare the resultsoithe throrelicalcalculations. 

(Hasegawa and Howard 1961). The transition is also much broader due to the con- 
tributions of off-centre impurities because, as the 1s and 2p_, levels are nearly parallel, 
a small shift in their energy separation will produce large shifts in the magnetic fields at 
which the photoconductivity peaks occur. 

The2p+, and2p-] transitionswere fitted toaresonable degreeofaccuracyby Greene 
and Lane (1986). However, the theoretical predictions were approximately 3 cm-' 
higher than the observed data. Also, the 2ptl - 2p-, splitting is observed to be slightly 
less than the value of precisely 2y which must occur if an isotropic effective mass is used 
in the ealculations. A good fit to the data can be found by choosing slightly larger values 
for the parallel and perpendicular effective masses. The best fit was found to be with a 
parallel effective mass m,, = (0.069 i O.OOl)m, and perpendicular mass m, = 
(0.068 i O.OO1)me for the 150 8, wide wells considered here. 

The required transition energies can also be reduced by taking the effective masses 
in the barriers to be larger than those in the wells. The effective masses in the barriers 
were thus increased from those in the wells by the additive factor 0.083 m j  (as used by 
Greene and Bajaj, 1985), which lowers the 1s to 2p+l splitting by approximately 1 cm-'. 
Results were also obtained with the effective dielectric constant reduced to 
(12.53 - 2 . 7 3 ~ )  in the barriers (as used by Fraizzoli er a1 1990), but this was found to 
fractionally increase the splitting (by around 0.04 cm-I). 

The final results for on-centre impurities are shown in figure 1. Those theoretical 
predictions which fit the observed experimental data are shown, together with the 
relevant data points of Grimes etnl(l990). averaged over all samples. The average data 
f o r t h e 2 ~ + ~  and2p-, transitionsasobservedbyotherworkersisalsoshown (seeabove). 
The transitions presented are the two lowest m = ? 1 even parity states (2pt, and 3p. ,). 
the lowest J?I = +1 odd-parity state (3d+,) and two m = + 2  even parity states. The 
predictions for the 2p,, and 3p+, states coincide with those predicted by Greene and 
Lane (1986) when the same parameters are used. The labels here are those which seem 
most likely from analogy to a pure hydrogen atom, and aregiven principally for ease of 
reference. It must be remembered that m is the only label which strictly speaking has a 
true meaning. 

It is generally accepted that the correspondences to the 2pPl and 2ptl states in the 
high-field notation are (O,T, 0) and (1,1,0) respectively. It has been checked that the 
eigenstates predicted for both of these states have no nodes in the r-direction out to over 
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1000 8, away from the centre of the well for the zero-field case. (Although a node 
appears above this, the wavefunction is extremely small at this distance and hence rather 
inaccurate. This node is taken to be an artefact of the calculation.) The second state 
predicted with m = 1 and even z-parity is found to have two such nodes at acceptable 
values of z (around *120 8,). Hence this must be the physically allowed state (1,1,2), 
which is usually identified with the 3p+! state in weak-field notation. Similarly, the 3p_, 
state is identified as (0, T, 2). 

The 3d+l level has one r-type node, so is associated with the (1,1,1) state in high- 
field notation. Figure 1 shows the predictions for the case of on-centre impurities. 
Transitionsfrom 1s to states of odd-parity such as 3d+ I should be forbidden for on-centre 
impurities. However, they will be allowed for off-centre impurities, and may be weakly 
allowed for on-centre impurities due to various perturbation effects. Any peak in the 
spectra due to this line would probably correspond to impurities at a finite value of z,, 
with that value determined by the distribution of impurities in the sample, and is thus 
weakly sample-dependent. The predictions for 3 ~ + ~  and 3d,l are almost coincident. The 
experimental points in this region are observed to behave somewhat differently to 
those of the other points, having a different line shape and being sensitive to different 
experimental conditions, which is consistent with these results. 

The state labelled 3d+2 has no nodes in the z-direction, so can be identified with the 
state (2,2,0) in high-field notation. However, the identification of this line can not be 
made conclusively because the data which fits this line also fits the (2, 1,O) metastable 
state (see below), to which transitions are expected to be much stronger than to a m  = 
2 state. The second and third m = 2 lines also have no z-nodes for acceptable values of 
z, so should be discarded, even though the third line appears to fit some of the data. The 
fourth m = +2 state, which lies slightly below the level identified with the (3, 1,O) 
metastable state, has two nodes so could be the state (2,2,2). However, no clear 
identifications can be made because transitions to the second m = 2 level will be 
extremely weak due to the selection rules. The third state has been reproduced (as a 
broken line) on figure 1 for reference. 

Thetwodatapoints betweenZp+,and2p_,have been fitted bytheIine3p-,, towhich 
transitions are expected to be strong. However, as the 3p-, line is nearly parallel to Is, 
it can only be observed by one of the laser energies used in  the FIR photoconductivity 
experiments. The evidence for this line is thus not conclusive at present, as there are a 
number of other lines with m s 2 which could fit this data within the given accuracies. 
Further experimentalinvestigationsare necessary. (The datapointsshouldnot be joined 
by a single line, as this does not make sense physically.) 

Results have been obtained for finite values of z,. Generally speaking, the pattern 
of energy levels predicted is very similar to the on-centre case but with a shift to 
lower energy. Most of the lower energy transitions are -3 to 5 cm-' lower than the 
corresponding on-centre cases for zl = 20 8, and 20 to 30 cm-' lower for zI = 50 8,. 

3.2. The high-fieidpicture 

3.2.1. Metusrabiestates. Further experimental points have been observed which can not 
be fitted to states derived from a hydrogenic model. It is well known in bulk GaAs that 
transitions are seen to the metastable states (e.g. Klarenbosch et a! 1990). Hence, it is 
likely that transitions to metastable states will also occur in MQWS. One characteristic 
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feature of transitions to metastable states is that lines occur in pairs separated by the 
cyclotron resonance energy hw, (= 2y)  or multiples thereof. In particular, 

J L D u m  and E Pearl 

E ( N ,  m, v )  - ~ E ( N  - m, - m, v )  = mhw, (3.1) 
where E ( N ,  m, Y )  is the energy of the state ( N ,  m, Y ) .  The observed data does indeed 
have several pairs of states with h o c  separations. On a 3D hydrogenic picture, there is 
no fundamental reason why any pairs of states other than nl,, and n L I  should be 
separated by hw,, and it is unlikely~that all of the higher-energy states observed which 
obey this pattern are associated with m = -1, as these levels tend to be much lower in 
energy. 

Unfortunately, expressions for the metastable states are not generally known. 
Numericcl expressions have been obtained for the bulk (Simola and Virtamo, 1978). 
but they are difficult to use in subsequent calculations. Our hydrogenic states, although 
modified to include Landau-like behaviour, do not model the metastable states in any 
way. However, a qualitative attempt can be made to identify some of the metastable 
states. 

In bulk, the (1, -1.0) metastable state has been identified just above and almost 
parallel to the Zp,, level (Narita and Miyao 1971, Wagner and Prettl1988, Klarenbosch 
era1 1990). A similarly placed level occurs in the quantum well case, so this is identified 
with the (1, - 1,O) metastable state. The (2 ,  1.0) metastable state can then be identified 
hw, above this (from equation (3.1)). As mentioned above, this latter line coincides 
with the position of the (2,2,0) hydrogenic state. The experimental observations near 
this point could be a composite of both lines, although the metastable contribution can 
be expected to dominate due to the electric dipole selection rules. 

As the Coulomb potential is rotationally symmetric, it can not mix together Landau 
states with different values of m. The number of nodes Y must also be conserved. 
However, states with different Ns will be mixed together. The effect is to increase the 
separation of the states ( N ,  in, v) and ( N  + 1, m, v) from hw, to avalue khw,, where k 
is slightly greater than 1 and is approximately constant (decreasing slightly with increas- 
ingNandincreasingfield). Asthe positionsofthe (1,1,0) and(2, 1,O)lineshavealready 
been identified, this allows the positions of the (3. 1.0) and (4, 1,O) metastable states 
to be determined. The position of the (2 , i .  0) metastable state can then be fixed by 
further use of (3.1). The results for all of the metastable states identified are shown in 
figure 2, together with the experimental data of Grimesernl{l990) not shown on figure 
1. It can be seen that the agreement between experiment and theory is good. 

Cheng er a1 (1990) and Cheng and McCombe (1990) report a line hw, above the 2p,, 
level, and a further line hw, above this. These lines have not been identified using our 
3~ model, although it is possible that these lines are due to a pair of metastable states, 
and that theplacement of thelowest onehwCabove2p,, issomewhat accidental. Further 
work will be necessary to conclusively identify these states. It should be noted that there 
is r o evidence of the lower of these lines in the data of Grimes er al(1990), and the 
spectra of Cheng eta/ (1990) and Cheng and McCombe (1990) do  not appear to be clear 
in this region, with evidence for further structure. 

3.2.2. Landau /eve/.% It is well known that the energies of the free-electron Landau 
levels are 

EN = k’ + ( N  + *)Am,. (3.2) 
In addition, the positions of these Landau levels have also been estimatcd using the 
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Figure 2. Metastable slates: The points A are from Grimes er al (1990) and the full and 
broken lines are the resultsof the theoretical calculations. 

250 

Figure 3. The lowest three Landau IeveIs are shown by the broken lines. Some of the 
hydrogenic and metastable states fromfigures 1 and2 have been reproduced for comparison. 

same computer program as that used to calculate the hydrogenic states, but neglecting 
the contribution of the Coulomb term in the original Hamiltonian. Although the results 
are not as accurate as those obtained using the formula, they are found to be surprisingly 
good. The m = 0 and m = -1  states condense into a narrow band of states around the 
position of the N = 0 Landau level, and them = + 1 states into a band of states around 
the N = 1 Landau level. This is precisely as required for the components of the Landau 
levels which are hydrogenic in origin. (Contributions to the N = 1 Landau level from 
states with m = 0 and -1 must be from the metastable states alone (Klarenbosch et 
al 1990).) Although exact degeneracy is not obtained, this illustrates how good the 
hydrogenic states are at predicting Landau-like behaviour. 

The positions of the first few Landau levels calculated using equation (3.2) have been 
plotted relative to 1s on figure 3, together with some of the hydrogenic and metastable 
states identified earlier. It is interesting to note that the energy levels of all of the states 
( N ,  m, v) are lower in energy than the Landau level N ,  and become approximately 
parallel to the Landau level N in strong fields. This is in common with well known bulk 
results (Wagner and Prettl 1988) and predictions for the strictly ZD case (MacDonald 
and Ritchie 1986). 
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Figure4. Integratedprobabilitydrnsities for the?p+, statesofon-centreimpurities (- - -), 
the3d,, stateofon-centreimpuriiies(-)andtheZp,,stateofimpuritieswith 2 ,  = 50 A 
( - ,  . . - 1 .  .). allinzero field. 

3.3. Probabiliry densities 

By calculating the probability density as a function of position, it is possible to obtain a 
physical picture for the behaviour of the impurity electron in its various states. Firstly, 
it isuseful :-obtainplotsof Wintegratedoverpand q,inordertoshow the probability 
of being at a given z-position. This shows that the 1s ground state is almost entirely 
localized in the central well at all field strength sfor I50A wide wells. Figure 4 shows the 
zero-field results for the 2 ~ + ~  and 3d,, states of on-centre impurities and the 2p+, state 
with z,  = 50 A in such wells. It can be seen that the 2 ~ + ~  state is strongly localized in the 
central well, but does extend into next-nearest wells in small fields. In larger fields, the 
localization in the central well is found to become almost total. in contrast, the odd- 
parity 3d+l wavefunction is very small in the central well and spreads out over several 
wells. The peak in the second-nearest neighbour wells is approximately half that in the 
nearest neighbour wells (labelled A and B on the figure). Again this wavefunction 
becomes much more localised in stronger fields. 

It can be seen that for impurities 50 A away fromthecentre of a well, the probability 
of being in both wells A and B has increased compared to the on-centre case. Although 
the wavefunction would be expected to increase on the side to which the impurity has 
moved (A), it appears surprising at first that the wavefunction has also increased on the 
opposite side (B). However, a closer examination of the wavefunctions shows that this 
is because the states contain some mixing of odd-parity states for the off-centre case, 
which are much more spread out than the even parity contributions (as shown by the 
3d+, state on figure 4). Lane and Greene (1986) obtaineda~similar plot to this but 
considered even-parity contributions to the states only. Even with this restriction, the 



Shallow-donor impurity states in GaAslGaAlAs 8615 

FigureS. Acontourplotof theprobdbiiity density 
forlhe Isgroundstateofanon-centreimpurityin 
zero magnetic field. The contours are from 0.1 to 
0.9 in stepsof0.1. 

size of the wavefunction in well B was almost unaltered by moving the impurity to the 
well interface. It should be noted that Greene and Lane (1986) find the wavefunction in 
both wells A and B to be slightly larger than that found here. However, they do not state 
what well width their calculation is for. 

Contour plots of the probability density as a function of z and p (integrated over p) 
have also been obtained. The result for the 1s ground state of on-centre impurities in 
zero-field is shown in figure 5. This shows that the electron has highest probability of 
being about 508, from the donor nucleus in the p-direction with z = 0, i.e. that it is 
confined to approximately circular orbits in the x-y plane and about the z-axis. Results 
for the Z P , ~  state have been found to have a very similar shape, but with a most probable 
radius of around 200 A. 

3.4. Line shapes 

It is interesting to note that most of the peaks in observed spectra of, for example, 
photoconductivity experiments, are asymmetric, having a sharp edge on the low-field 
sideandspreadingout muchfurtherto higherfields(see,forexample, Grimesetal1990). 
This shape can be predicted for transitions to hydrogenicstates with predominantly even 
parity by looking at the effects of off-centre impurities for the hydrogenic states. All off- 
centre impurities are found to produce energy separations which are slightly less than 
those of the corresponding on-centre values at a given field, and thus equivalent energy 
gaps will occur at higher fields. This is independent of the sign of the displacement. Thus 
the peaks are due to on-centre impurities, with the net effects of off-centre impurities 
being to cause a broadening to the high-field side of the spectra only. The changes in 
energy separations are about 4 cm-' for a 20 8, displacement and 20 cm-' for a 50 8, 
displacement. For the Is to 2p+! transition, these will produce changes in the measured 
fields of about 0.3 and 1.3 T respectively. This is consistent with the widths observed 
experimentally for samples doped across the central 50 8,. A similar situation is likely 
to occur for transitions to metastable states. The shape of transitions to predominantly 
odd-parity states will he somewhat different, having a peak at some finite value of z, ,  
which will depend on the distribution of impurities in the sample, and therefore be at 
least weakly sample-dependent. Unfortunately, all transitions to such states observed 
so far are too weak to be able to determine any useful information in this respect. 
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4. Discussion 

In this paper, the available experimental data for 150 8, wide wells have been explained 
successfully using a3D hydrogenic model. However, the possibility that aquasi-zo model 
isalsoappropriatecan not beentirelyruledout, as thepatternsofobservable transitions 
predicted on both models are very similar. This can be seen by comparing, for example, 
figure 4 of MacDonald and Ritchie (1986) and figure 2 of Wagner and Prettl (1988). 
Even though there are many more transitions possible in the bulk, there is a low 
probability of transition to the extra levels, making deductions from the expenmental 
data inconclusive. 

The biggest difference between the two approaches as far as the observable tran- 
sitions are concemed is in the labelling of the states. The appropriate high-field labels 
on a ?D picture are simply ( N ,  m), which are identical to the 3D labels with the quantum 
number v fixed to be 0, subject to the extra condition that m = tl only. Thus a state 
labelled ( N ,  m, 0) in 3D becomes ( N ,  m) in 2D. However, the labels indicating the weak- 
field parentageof thestatesare verydifferenton the two pictures. In particular, allstates 
in the ZD picture have a low-field counterpart, and so metastable states do not exist. For 
example, the(1,i)stateisassociatedwith3p-,inzD3 but the(l,i,O)stateismetastable 
in 3 ~ ,  vrith 3p-, being associated with the (O,T, 2) ‘hydrogenic’state. 

Experimental evidence against a 2~ picture are the points observed between 2 ~ + ~  
and 2p-,, and the points tentatively identified with 3p+, = (1, 1,2) in 3D notation. No 
levelsareallowedbetween(0,T)and (1, l)orbetween(l,i)and(2,l)in?~. However, 
the possibility of other origins for these points can not be entirely ruled out. In !he ZD 
limit, theseparations of the states ( N ,  1,O) and ( N  + 1, 1,O) are slightly larger than for 
the bulk equivalents. Unfortunately, the experimental data at present is not accurate 
enough to use these splittings to determine whether the system equates most closely to 
2D or 3D. From a theoretical point of view, a 2D icture does not seem likely for 150 8, 

the well width. The 2D model will become more appropriate for much smaller well 
widths. Further experimental investigations are necessary to resolve the above ques- 
tions. 

Changer a/(1988) corrected the theoretical calculationsof Greene and Lane (1986) 
for non-parabolicity and anisotropic effects in  the conduction band of GaAs in order to 
fit their experimental data using the work of Zawadzki et a/ (1985) and Sigg er al(1987). 
These authors use a five-level k . p model in which the conduction and valence bands arc 
split by spin-orbit coupling. This allows the cyclotron resonance effective mass of GaAs 
to be determined. However, they admit that the anisotropy of the effective mass is 
not very well reproduced by this model, and that the inclusion of more anisotropic 
interactions other.than the band edge non-parabolicity are necessary. Also, it does not 
allow for any additional anisotropy introduced in the MQW case as compared with in the 
bulk. Hence the parallel and perpendicular masses have been treated as free parameters 
in our model. However, the final estimates for 150 8, wide wells are very close to the 
theoretically-predicted results of Ekenherg (1987), who obtained m,, = 0.069 and mL = 
0.067 for this well width. 

The positions of further hydrogenic and metastable states could be predicted using 
combinations of the methods used in the previous sections. It is also possible to predict 
lines using the empirical expression of Canuto and Kelly (1972) and Klaassen (1991) 
whichdeducethat thedifferencesinenergybetweenaLandaulevelNandthe hydrogenic 
states ( N ,  N ,  U) are approximately proportional to [(l + v ) / 2 ] - ’  for odd-parity states 
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w,ide samples, as the effective Bohr radius (98.7 1. ) is of the same order of magnitude as 



Shallow-donor impuriiy states in GaAslGaAlAs 8617 

and (1 + v/2 + a)-* for even panty states, where 6 is the so-called quantum defect. 
However, thenewstatespredictedin thismannerdonot fit anyofthecurrentlyavailable 
experimental data. Hence, these results have not been presented here. Likewise, with 
the accuracy of the results at present, it has not been considered necessary to include 
central cell corrections and polaron effects in the model at this stage. These effects could 
be included in future work. 

5. Summary 

By combining the results ofa theoreticalmodel for hydrogenicimpuritiesand knowledge 
of metastable states in the bulk, it  has been possible to explain almost all of the recent 
FIR photoconductivity results of Grimes et a1 (1990) in terms of transitions from the ls- 
like ground state of a hydrogenic impurity. 

It was necessary to extend previous theories of hydrogenic impurities to include the 
effects of higher excited states, such as those with m = 2 ,  and to allow mixing between 
odd and even parity states for impurities not located at the centre of a quantum well. A 
non-isotropic effective mass was also introduced into the model in order to improve the 
fit to the experimental data. This indicates that an effective parallel effective mass that 
is slightly larger than that for motion in the perpendicular direction should be used. 

The states were then labelled according to their high-field counterparts, and a check 
was made that the states had the appropriate number of nodes along the z-direction by 
analyzing the shape of the predicted eigenstates. Metastable states were identified 
by extrapolating from the hydrogenic results, using known relationships between the 
energiesof metastable states and knowledge of their relative energies in the bulk. 

Results of the theoretical model indicate that transitions to states with m = 2 and to 
odd-parity states may be weakly observed. This is probably due to weak perturbations, 
such as electric field effects, and the mixings between odd and even parity states which 
must occur for off-centre impurities. Further work is necessary of both an experimental 
and a theoretical nature to conclusively identify some of the higher-energy states. 
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